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Abstract-An approximate statically admissible solution of the elastoplastic interface is described
for the plane strain problem of a pressurized circular hole in a plane subject to a non-hydrostatic
stress at infinity (Problem of Galin). In contrast to the solution of Galin (Prikl. Mat. Mekh. 10,
365-386 (1946» which applies for the case of a frictionless Tresca material, it is assumed that the
material is characterized by a cohesive-frictional yield strength. The solution of the elastoplastic
interface is obtained in the form of a truncated series expansion, for cases where the material has
yielded all around the hole. The paper discusses the limiting conditions for which the solution is
applicable, and the validity of the solution in regard to an elastoplastic problem.

I. INTRODUCTION

A statically admissible solution of the elastoplastic interface, for the plane strain problem
of a pressurized circular hole in an infinite medium subject to a non-hydrostatic stress at
infinity, was derived by Galin[1-3] for the case of a Tresca material. The elliptic interface
obtained by Galin pertains to cases where the material has yielded all around the hole
and for stress boundary conditions for which the problem is statically determinate. The
originality of Galin's analysis was to reduce the problem of finding the elastoplastic
interface to a problem of mapping, by making use of the complex variable methode4] for
solving plane elastic boundary value problems. The equivalent problem in plane stress was
solved by Cherepanov[5].

The object of this paper is to extend Galin's solution for a material characterized by
a Mohr-Coulomb yield strength. Both cases of passive and activet limit equilibrium in
the yield zone are considered which correspond to cases where the hole is respectively
expanding and contracting. The paper first describes a new approach for solving the
elastoplastic interface, that leads to the formulation of a functional equation for the
mapping function. It is then shown how to solve the functional equation approximately
for the general case of a Mohr-Coulomb material, by seeking a solution to the mapping
function in the form of a truncated series expansion. Finally, the limits of validity of the
statical solution are discussed.

2. PROBLEM STATEMENT AND ASSUMPTIONS

An infinite plane with a circular hole of radius a is subject, under conditions of plane
strain, to a uniform stress to at infinity and to a pressure p at the hole boundary (Fig. 1).
The principal directions of the stress tensor to are parallel to the axes of the Cartesian
coordinates system defined with its origin at the center of the hole. It is assumed that
t~" ~ t~x ~ O(tension taken positive). The plane has homogeneous and isotropic properties.
The material is elastic perfectly plastic and is characterized by the linear Mohr-Coulomb
yield criterion

(1)

t The terms active and passive are used in soil mechanics, within the context of the classical earth pressure
theories of Coulomb and Rankine, to describe the loads acting on a retaining wall. There is active pressure when
the backfill is pushing on the wall; passive pressure when the soil resists movement of the wall toward) it.

1435



1436

-

E. DETOUR NAY

i
Fig. 1. Problem definition.

(2)

where Kp is the passive coefficient, function of the friction angle cI> [Kp = (1 + sin cI»j
(I - sin cI>J, and q is the unconfined compressive strength (q = 2c.JKp , where c is cohesion).

Poisson's ratio v of the material is restricted to obey the inequality

1
v~--­

(Kp + 1)

which, as proven in Appendix A, represents a sufficient condition for the out-of-plane stress
r:: to be the strict intermediate principal stress, in regions of plastic flow. (This restriction
reduces to the incompressibility condition for a cohesive frictionless material.) Under
inequality (2), the Mohr-Coulomb criterion can always be expressed in terms of the plane
components of the stress tensor; in which case a useful form of the criterion is in terms of
P and S, the mean pressure and the stress deviatoric invariants in the plane of the
deformation

(3)

where

(4)

and S. is the yield limit, function of P, of the invariant S

K - 1( q)
S. =~ P + K

p
- 1 . (5)

The objective of this paper is to derive a statical solution of the elastoplastic interface,
for combinations of TO and p for which the hole is completely surrounded by a plastic
zone. (The formation of the yield zone is assumed to be the result of monotonic loading.)
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The construction of the statical solution is based on two a priori hypotheses.

(1) There is no elastic unloading taking place in regions having experienced plastic
deformation.

(2) The problem remains statically determinate, since the inception of the first plastic
zone.

These assumptions impose various restrictions on the parameters controlling the problem,
that will be examined in Section 6.

3. SOLUTION OF THE INTERFACE AS A PROBLEM OF MAPPING

By postulating no elastic unloading in regions of plastic flow, in addition to statical
determinacy, a statical solution of the interface, corresponding to an internal pressure p in
the hole and a mean pressure pO and a stress deviatoric So at infinity, can be constructed
while ignoring the sequence of loading. These two a priori assumptions imply that the
plastic zone develops adjacent to the circular boundary and that the plastic stress field is
completely determined by the internal pressure p[6]. The location of the elastoplastic
interface and the elastic stress field can then be computed from the stress condition at
infinity and the requirement of stress continuity at the interface[7].

3.1. Plastic stress field
The postulates of statical determinacy and no elastic unloading imply that the stress

field in the plastic zone is axisymmetric. Two solutions exist, passive and active,
corresponding respectively to ! • .; > !rr and ! •• < !rr' In the elastoplastic problem with a
hydrostatic stress at infinity (Sv.= 0), the passive solution applies for cases where p> pO,
the active one for p < pO. For both modes of failure, the plastic stress field is given by the
general formula[8,9].

!rr = K
p

q
- 1 - (p + Kp~ J(~5-1

! •• = Kp~ 1-K(P + K
p

q
- 1)(~5-1

!r. = 0 (6)

where (r, ¢) are the cylindrical coordinates of a point of the plastic region, and where K
is to be replaced by K p for an active yield zone and by K. = I/Kp for a passive one.

3.2. Stresses at the elastoplastic interface
Let S- designate the infinite elastic region bounded by the unknown interface r. The

complex variable Z = x + i y is defined in the physical plane (also referred to as the Z­
plane). Consider then the mapping function

Z = w«() (7)

which maps conformally 1: -, the region exterior to the unit circ1~ y centered at the origin
of a reference (-plane, onto S- such that there is correspondence between the point at
infinity and the positive real axis in the two regions (Fig. 2). Since the coordinate axes are
parallel to the principal directions of the stress at infinity, the elastoplastic interface is
necessarily symmetric with respect to the x- and y-coordinate axes. It follows, from these
symmetries, and the particular choice of the mapping function that

w«) = -w( -() and w«) = W(() (8)
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where w(O stands for w(~), following Muskhelishvili's notation[4]. Near the point at
infinity, w(() behaves as RC where R is a real coefficient.

Let r.(a), where a is a point on y, designate the distance between the origin of the Z­
plane to a point Z. = w(a) on the interface r

(9)

Using the plastic stress solution, eqns (6) and (9), and coordinates transformation formula,
the plane Cartesian components of the stress tensor along r are then given by

( )[ J
K-l

1 q K + 1 q r.(a)
"2(T:ex + Tyy) = K p _ 1 - -2- P + K p - 1 -;-

( )[ J
K-l-

1 . K - 1 q r.(a) w(a)
2(Tyy - T"..J + IT"y = --2- P + K

p
_ 1 -;- w(a)' (10)

The above equations can be rewritten using two new quantities Ro and S? respectively
defined as

r

° q 11
/(K-l)

2 P + K - 1
R - -- p
0- K+I q

P + K - 1
p

50.- ° _ K p - 1(0 _q_)
I . - SI(P ) - K

p
+ 1 P + K

p
- 1 .

(11)

(12)

Here Ro represents the radius of the elastoplastic interface, normalized with respect to a,
in the particular case of a hydrostatic stress at infinity[8,9] and S? is the yield limit of the
stress deviatoric invariant at infinity. Using eqns (11) and (12), eqn (10) becomes

where

~ __q__~ ° K-l
2(T"" + Tyy) - K _ 1 K _ 1SI f. (a)

p p

1( ). _ SO 6J(a) AK - l( )"2 Ty)' - T"" + IT"y = + I 6J(a)r. a (13)

f ( ) = r.(a) .
• a R'

a °
W{a) = w(a).

aR o

Fig. 2. Conformal mapping.
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In eqn (13h the upper and lower signs refer to the active (K = Kp) and passive (K = K.)
modes, respectively. (This convention will apply to all equations with a double sign.) It
can be seen from eqns (13), that the stresses at the elastoplastic interface becomes
independent of the internal pressure p with the transformation Z' = Z/aRo. The Z'·plane
is defined as the unit plane.

3.3. Continuity of the stresses at the elastoplastic interface
The stresses in the elastic region S- can be expressed in terms of the mapping function

w(() and two functions <P1(() and "'1m analytic in 1:- [4J

1 ­
2(Txx + Tyy) = _po + <P1m + <P1(()

~(Tyy - T;u,) + iT,xy = -So + ~~<pi(0 + "'1(()' (14)

The above expressions are slightly different from the usual Kolossof fonnulae. Functions
<P1(() and "'l(C) are actually associated to the stress difference f1 = f - fO; they are analytic
in S- and O(C 2) nea'r the point at infinity. The behavior at infinity can be deduced from
the conditions at infinity on the stress, and the additional assumption that the rigid body
rotation is zero at infinity.

Continuity of the stresses along r is achieved by equating the right-hand members of
eqns (13) and (14), with' in eqns (14) set to a

c.O(a) A.' (a) + ./, (a) = SO =+= SO c.O(a)~ - 1(a).
w'(a) '1'1 '1'1 I c.O(a) •

(15)

It follows from the above equations that the two analytic functions <P1(() and'"1m can
naturally be normalized by SP

(16)

where

~ (1'\ = <P1(0.
'PI'" Sp'

and

(17)

The positive parameter m is defined as the obliquity of the stress at infinity. In the stress
invariant space (pO, So), stress states characterized by the same obliquity m lay on a line
which passes through the intersection of the Mohr-Coulomb envelope with the hydrostatic
axis SO = o.
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A similar procedure for the case of a Tresca material (cI> = 0) leads to

¢I(a) + cp;«ij = 1 + In [W(a)W(a)]

W(a) -, - _ W(a)
w'(al <PM) + !/tl(a) = m + W(aj' (18)

In this case, S? degenerates into c, the cohesion.
Equations (16) express, respectively, continuity of the mean pressure and the stress

deviatoric across the elastoplastic interface r. Mathematically, they represent boundary
conditions on 'l' to be satisfied by the three unknown analytic functions wm, ¢Im, and tP I«()'
These boundary conditions, together with the conditions at infinity for these functions, are
in principle sufficient to detennine the position of the interface r and the elastic stress field.

4. FUNCf10NAL EQUATION FOR THE MAPPING FUNCfION

Equations for solving the mapping function W<') are derived in the following, together
with general expressions for the two analytic functions ¢1({) and tPl({)' This derivation relies
on the Schwarz's reflection principle and on Laurent's decomposition principle (e.g. Ref.
[10]). For this particular case, these two principles can be stated as follows.

(1) Schwarz's reflection. If Fm is analytic in I:~ (P > PI)' then F(C I) is analytic in
I:t (p < p~I); F«() and F(C I

) are said to be associated functions.
(2) Laurent's decomposition. If Gm is analytic in the ring n (PI < P < pi I), then G«()

can be decomposed, inside n, as the sum of two functions GIKl, analytic in I:t, and G2«()
analytic in I:~ and vanishing at infinity.

Consider eqn (16)1' which expresses continuity of the mean pressure across r. Provided that
r is smooth, f~-I(a) is continued analytically on both sides of'l' by the function ff-I(()
defined as

(19)

Let PI designate the modulus of the zero or singularity of W<'), which is the farthest away
from the origin of the (-plane (p I < 1). Since the function If - I(C) is analytic inside the ring
n (PI < P < p~I), it follows from Laurent's decomposition principle that If- 1mcan be
decomposed into two analytic functions. However, because of the properties, eqns (8), of
rom and the definition of f~ - I(C), this decomposition takes the particularly simple form

(20)

where do is a real coefficient and d(C) a function analytic in 1:~ and vanishing at infinity.
Using eqn (20), the first boundary condition, eqn (16)1 can be rewritten as

or

- K+I K+I K+l­
cPI(a) + ~d(a) =~(I - do) - $I(a) +~d(a)

p p p

(21)

(22)

where F-(a) is the boundary value on 'l' of F-(O analytic in I:- and F+(a) the boundary
value of the function F+(C) analytic in 1:+ (p < 1)

F-((): = ¢I(() + Kp + 1d«()
K p - 1

F+«():= ~p ~ ~ (I - do) - ~I(CI) - ~P ~ ~ a(C I
).

p p
(23)
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Consequently, the functions F+«() and F-«() are an analytic continuation of each other
across the unit circle y. But according to Liouville's theorem, F+«) and F-«) are identically
equal to a constant, which is zero because of the vanishing of F-«) at infinity. It follows
therefore that

$,«() = - ~p ~ ~ d('),
p

(24)

which indicates that $1«() is actually analytic in t l' Using the concept of associated
functions, F+«() can be written as

F+(,) = ~p ~ ~ (1 - do) - F-(c 1).
P

Since F+«() = F-(c 1) = 0, expression (25) shows that

do = 1.

(25)

(26)

Equation (26) represents a scalar constraint that must be satisfied by the mapping function

wm·
Consider next the second boundary condition, eqn (16), which expresses continuity of

the deviatoric stress across the elastoplastic interface. Taking into account eqn (24), and after
multiplication by w/(u), this boundary condition becomes

The first term on the left-hand side of eqn (27) is the value on the unit circle y of the
function g(()

(28)

which is analytic in n (note that ci)(C 1) is analytic in t:, d'«() in t 1). Using Laurent's
decomposition, g«() can be decomposed inside n, into g1«() analytic in t: ,and g2«() analytic
in t 1, and vanishing at infinity

(29)

The second term on the left-hand side of eqn (27) is the boundary value of w'«().,t ,(C)
which is analytic in t 1 and is O(C 2

) near the point at infinit.y.
The first term on the right-hand side of eqn (27) corresponds to mw'«() which is

analytic in t 1, but equal to mA. at infinity where A. is defined as R/aRo. The second term
is the value on y of the function h(O analytic in n

(30)

and thus h«() can be equated in n to the sum of him and h2«(), him analytic in t: and
h2«() analytic in t 1 and vanishing at infinity.

In light of the decomposition, continuity of the stress deviatoric, eqn (27), across r
can be rewritten as

(31 )

SAS :Z:/12-E
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where G-(a) is the boundary value of G-«() analytic in 1:- and vanishing at infinity and
G+mis a function analytic in 1: +

G-m = 6>'(01#1(0 - mw'(O + mA + g2«() ± h2m
G+(0 = - g 1(0 =+ hI «() + mAo

Then pursuing the argument developed previously, it is found that

(32)

I#I(C) = [mw'(C) - mA - g2(O =+ h2(m/w'(C),

G+«() = 0,

(33)

(34)

Equation (33) provides a means of calculating "'l(C) once the mapping function wm has
been determined. Equation (34) represents a functional constraint for w(C).

The mapping function wm can now be determined from eqn (26) and from the functional
eqn (34). The procedure is complicated, however, because Laurent's decomposition of
the functions g(C), h(C), and d(C) can, in general, only be accomplished by means of Laurent's
series representations of these functions.

The next section describes a method of obtaining an estimate w(n)(C) to w(C), by solving
eqn (34) approximately. It should be noted, however, that for the case of a Tresca material,
the procedure described above provides a direct and simple means of calculating w(C)
(Galin's solution), and the analytic function 4>1(C) and ~1(C)

F+(C) = 0: A= 1

G+(C) = 0:
m

W<O = C±"
F-(C) = 0: 4>1(C) = =+ In W<C) (35)

C

G-(C) = 0: I#I(C) = m
2
+ 1.

m =+ ,2

It is emphasized that the approach described in this paper is different from the method of
Galin[l], and Cherepanov[S]. While Galin's approach makes use of the biharmonicity of
the plastic stress function in the particular case of a Tresca material and plane strain (only
a handful of plastic states are characterized by a biharmonic stress function), the method
of Cherepanov relies, among other things, on explicitly solving the second boundary
condition, eqn (16), for w(a).

5. APPROXIMATE SOLUTION OF THE ELASTOPLASTIC INTERFACE

An approximate solution of the elastoplastic interface is now sought in the form of a
truncated series expansion of W<C). Laurent's series expansion of W<C) with respect to , = 0,
for Clarge enough, is

(36)

where aU the coefficients m1j are real, like A. The particular form of the series expansion
(36) can be deduced from the properties, eqns (8), of the mapping function. The series
representation of W<O is valid for any p > p., p.( < 1) being the modulus of the singularity
of we,) closest to y.
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One now seeks to calculate the approximation w(n)«() to W(()

1443

(37)

by determining the coefficients A(n), m~J, j = I,n as approximation of "order n" of the
coefficients A, and m2j, j = I, n of the series (36). The coefficients of w(n)(O are calculated
using constraint (26) and by satisfying approximately the functional equation G+ «() = O.

5.1. Non-linear system of equations

Since G+ «() is a function analytic in L t, it can be expanded into a Taylor series
around ( = O. Due to the symmetries of the problem, this series takes the particular form

a:>

G+«() = L Gt/;2 j
,

j=O

(38)

with all the coefficients G2j real. The functional constraint G+«() = 0 is satisfied approxi­
mately by imposing that the n first coefficients of series (38) are zero

j = O,n - 1. (39)

Together with eqn (26), the n equations (39) constitute a system of (n + 1) equations in the
unknown A(n), m~J,j = l,n. Actually, as shown in Appendix B, this system can simply be
decomposed into one equation giving A(n) in terms of m~J, j = 1, n

and into n non-linear equations in the unknowns m~J, j = 1, n

(40)

h(n!(m(n) m(n) mIn). K m) = O·2) 2, 4, . .. , 2n" , j = l,n. (41)

The explicit form of eqns (40) and (41) is derived in Appendix B.
Since K and m are the only parameters present in the non-linear systems of eqn (41),

the shape of the elastoplastic interface depends only upon the obliquity m of the stress at
infinity, the friction angle of the material, and the mode of failure (passive or active).

5.2. First-order approximation of the interface

Successful numerical resolution of the non-linear system, eqn (41), relies on a "good"
initial guess of the roots m~J, j = 1, n. These initial values are obtained by assuming the
interface to be elliptic, i.e. by assigning a zero value to the initial guess of m~), m~), ... , and
by calculating a first-order approximation of m~). This first-order approximation is
calculated by linearizing h~l) (m~1); K, m) = 0, thereby yielding (see Appendix B)

2
m2 ;;: ± K + 1m. (42)

Interestingly, this first-order approximation gives the correct result for the limiting case of
a frictionless material (Galin's solution).

The coefficient A(n) is calculated from eqn (40), after solving the non-linear system of
eqns (41). Note that a "first-order" approximation of A is (see Appendix B)

_[ (&.::..! 'f]l/U-K)
A= 1 + K

p
+ 1m) (43)



1444 E. DETOURNAY

The coefficient ;, is thus about I, with the implication that Ro, the radius of the elastoplastic
interface for the reference hydrostatic case m = 0, represents the average radius of the
e1astoplastic boundary in the nonhydrostatic case (m > 0).

5.3. Numerical results

The non-linear system of equations was solved numerically using Brown's algor­
ithm[ll]. The computed coefficient m~~,j = I, n and Afor various values of K are tabulated
in Table 1 for the case n = 5, m = 0.1. Some solutions corresponding to a friction angle of
30° (both active and passive modes), obtained with n = 5, are illustrated in Fig. 3. As
already suggested by the first-order solution, eqn (42), the interface has an oval shape with
its great axis perpendicular to the major far-field compressive stress pO + SO in the active
mode (K = K p) but parallel to pO + SO in the passive mode (K = K.). The eccentricity of
the interface increases with the obliquity m.

Table 1. Coefficients of the mapping function (n = 5) for an obliquity
m = 0.1

K ), lO'm2 102· m• 10··m. lOS. me 1O"m 1o

2 0.9989 0.6689 -0.1125 0.5051 -0.2975 0.1997
3 0.9986 0.5025 -0.1269 0.6419 -0.4060 0.2868
4 0.9988 0.4024 -0.1220 0.6585 -0.4335 0.3147
5 0.9989 0.3356 -0.1131 0.6357 -0.4293 0:3174

1/2 1.0022 -1.3289 0.2221 0.4900 0.2027 0.1076
1/3 1.0037 -1.4926 0.3731 0.6135 0.2275 0.1130
1/4 1.0048 - 1.5905 0.4763 0.6237 0.2156 0.1027
1/5 1.0055 -1.6558 0.5503 0.5986 0.1970 0.0913

111 :::; J. 1
, - ,,

11m :.c: 0,2...... ,-- - - -- '
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Fig. 3. Active (continuous line) and passive (dashed) solutions of the elastoplastic interface in the unit
plane z', for a friction angle of 30°.
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5.4. Estimation of error

Continuity of the mean pressure across r is automatically ensured if $1(') is calculat~d

from eqn (24). However, because of the approximate nature of the solution w(nl(O, continuity
of the stress deviatoric across r will in general be violated. The jump of the stress deviatoric
across the interface represents the error associated with the approximate solution.

Let the complex error £(n)(O') be defined as

(44)

where p and e indicate that the stress deviatoric is evaluated respectively on the plastic
and elastic side of r. The error £(n)(O') depends only on the parameters m and K. It can
readily be verified, by following Laurent's decomposition for the second boundary condition,
eqn (16), that G+«) is intimately related to the jump of the stress deviatoric across r.
Taking into account, eqns (38) and (39), we have

(45)

The expression for the coefficients G~ is derived in Appendix B. A global measure of the
error associated with the approximation of order n can be defined as

(46)

Table 2 illustrates the variation of E(n)(K, m) with respect to the number of terms n, for a
friction angle of 30°, and m = 0.1 and 0.3. An examination of this table suggests that the
optimum number of terms n to be used for the approximation ci)(n)«) is either 3 or 4.

Table 2. Variation of the error f. with the number of terms
in the mapping function and the obliquity (friction angle of

30°)

Active mode (K = 3)
n E(m = 0.1) E(m = 0.3)

I 2.56 x 10- 3 2.39 x 10- 2

2 7.68 X 10- 5 3.81 X 10- 3

3 5.83 x 10- 5 9.97 X 10- 4

4 4.97 x 10- 5 4.08 x 10- 5

5 5.03 x 10- 5 2.10 X 10- 4

Passive mode (K = 1/3)
E(m = 0.1) E(m = 0.3)

2.51 X 10- 3 2.44 X 10- 2

2.46 X 10- 5 1.04 X 10- 3

1.54 x 10- 5 5.61 x 10- 5

1.69 X 10- 5 4.19 X 10- 5

1.69 x 10- 5 5.50 x 10- 5

6. DISCUSSION

The statical approach used to determine the position of the elastoplastic interface
rests upon three assumptions; namely (I) the hole is completely engulfed by the plastic
zone, (2) the problem is statically determinate and (3) no elastic unloading takes place
during development of the plastic zone. In the sequel, the limi~ing conditions for which
the constructed solution does not violate assumptions (1) and (2), and a loading path
conjectured to be consistent with assumption (3) are discussed.

6.1. Loading path
Providing the stress at infinity is characterized by an obliquity m less than 1/2, there

exists an interval (Pc., Pcp) for the internal pressure p, for which the stress field calculated
according to the Kirsch elastic solution (e.g. Ref. [12]) does not violate the yield criterion (3).
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Fig. 4. Elastic stress profile at the boundary.

The two elastic limits Pca and Pop(Pu ~ Pop) are given by the general formula

2S?( K-l) qP =+-- 1+2--m ---
e - K - 1 K + 1 K p - 1

(47)

where the upper sign and K = Kp apply for the active elastic limit P.., the lower sign and
t K ::::: K. for the passive elastic limit Pw

Figure 4 illustrates the elastic stress profile on the boundary r = a, at the two elastic
limits and at some pressure p within the elastic interval (Pc., Pop)' There is impending failure
in the active mode for P ::::: Pe•• at the boundary points designated 1 in Fig. 4 (<p = 0,1t); in
the passive mode for P =Pep at points 2 (cP = -n/2, n/2).

Hence, starting from an elastic state corresponding to a stress to at infinity
(characterized by an obliquity less than 1/2) and an internal pressure P in the interval
(PcuPop), a monotonic increase of p beyond the elastic limit Pop will cause the propagation
around points 2 of yield zones in passive limit equilibrium. Similarly, a decrease of p
beyond the elastic limit Pe•• will induce the formation of plastic regions in active limit
equilibrium around points 1. To be consistent with these loading paths, the statical solution
of r should correspond to internal pressure p ~ Pc., in the passive mode, but p ~ Pea in
the active one. Calculation of the internal pressure corresponding to the first admissible
configuration of the interface is carried out in the next article.

It is to be noted that a complete load history bringing the system from a uniform
stress 'to in the plane to a stress-free boundary r =a has an important application for the
analysis of excavation induced failure of rock around deep tunnels(13, 14].

6.2. Tangency of the interface to the hole

The first admissible configuration of the interface corresponds to r being tangent to
the hole boundary. From the results of Section 5, the points of tangency are located at
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(48)

Z = ±ia in the active mode (K = Kp) and at Z = ±a in the passive mode(K = K.). The
tangency condition can therefore be translated as

ARo( 1 + JI (+ 1)im2i) = 1.

In regard to the loading path discussed above, the tangency condition (48) is transformed
into an equation giving the minimum internal pressures PI-at which the elastoplastic
boundary completely encloses the hole-as a function of Sp, m, q, and K. Using eqns (5),
(11) and (12), it can be deduced from eqn (48) that

(49)

The variation of Pc and PI> where Pis defined as

(50)

with the obliquity m is tabulated in Table 3 for a friction angle of 30° (both passive and
active modes). It is apparent from this table that indeed PI. ~ Pc. and Pip ~ Pcp' Furthermore,
since Ro decreases monotonically with P if K = Kp but increases with P if K = K., the
statical solution is applicable for P ~ PI in the active mode but P ~ PI in the passive mode.

Table 3. Variation of P. and PI with the
obliquity m for both modes of failure

(friction angle of 30°)

Active mode Passive mode
(K =0 3) (K =0 1/3)

m P. PI P. PI
0.0 1.000 1.000 3.000 3.000
0.1 1.100 0.897 2.700 3.323
0.2 1.200 0.787 2.400 3.695
0.3 1.300 0.667 2.100 4.118

Since the shape of r is independent of P, the interface propagates outwards in a self­
similar manner as P increases monotonically beyond Pip, or decreases from PI.' This self­
similarity property implies that the statical solution is consistent with the assumption of
no elastic unloading for the particular load path discussed above (provided that the first
admissible configuration is indeed reached).

6.3. Tangency to a stress characteristic

The elastoplastic interface is statically determinate if any point on r can be connected
to the boundary r = a, by two stress characteristics (or slip line) lying entirely within the
plastic region. At the limit of statical determinacy, the interface becomes tangent to a stress
characteristic (see Fig. 5). In this particular problem, the slip lines consist of logarithmic
spirals inclined about the radial direction by an angle a' equal to (Tt/4 + ~/2) in the active
mode, and to (Tt/4 - ~/2) in the passive mode. Hence, if the interface is tangent to a stress
characteristic, the angle a - t/J at the point of tangency (where a is the angle between the
outward normal to the interface and the x-axis and t/J is the cylindrical coordinate angle)
is given by

la - t/JI = i-a'. (51)
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Fig. 5. Limit of statical determinacy for active (left) and passive (right) mode of failure (friction angle
of 30°).

The condition of tangency between the interface and one of the stress characteristics
is controlled solely by the two parameters m and K; indeed, the shape of the slip line
depends on K only, the shape of r on m and K. The limiting condition regarding statical
determinacy of the problem may therefore be translated as a limiting value m.(K) of the
obliquity m, the problem being statically determinate if

0::;; m ::;; m.(K). (52)

The maximum obliquity m.(K) is computed by requiring that ex - 4> = ± rt/4 - <1>/2 at the
point on the interface at which ex - 4> is extremum. "I hese two conditions translate as

2 W'(o'.) W(o'.) +' -iG>0'.=--= Ie
w'(O'.) W(a.) -

[
w"(O'.) W,(O',)]

1 + Re 0'. &'(0'.) - 0'. W(O'.) = O.

(53)

(54)

Equations (53) and (54) constitute a system of equations, parametric in K, to be solved
for m. and 0'•. Here 0'. is the image in the reference plane of the point on r at which ex - 4>
is extremum.

The system of eqns (41), with the obliquity m treated as the unknown m., was solved
simultaneously with eqns (53) and (54) for the (n + 2) unknowns m~J, j = I, n, m., and a.,
for various friction angles in the active and passive modes. The results of this investigation
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are summarized in Table 4, where the limiting obliquity m. is given as a function of the
friction angle for both modes of failure (case n = 3).

For a frictionless material, m. = 21/ 2 - 1 (both modes); this value is obtained by
solving analytically the system of eqns (53) and (54), using the closed-form solution, eqn
(35h. Note that both Hill[6] and Savin[2] quote a limiting value
m. = (2 1/2 - 1)/(2 1/2 + 1) for the case K = 1. This value, which is stated without any
supporting analysis, is incorrect.

Table 4. Limiting obliquity m. (n = 3)

Friction angle 41 m. (active) m. (passive)

IQO 0.4197 0.4047
20° 0.4195 0.3955
30° 0.4200 0.3879
40° 0.4263 0.3819
50° 0.4410 0.3773

7. CONCLUSIONS

An approximate statical solution of the elastoplastic interface has been derived for
the problem of Galin with a cohesive-frictional material, for configurations where the hole
is completely engulfed by a plastic zone. Like in Galin's solution, the location of the
elastoplastic interface is solved as a problem of conformal mapping (by making use of the
Kolossov-Muskhelishvili functions), based on the assumptions that (1) the interface is
statically determinate and (2) the plastic region has developed without any elastic unloading.

The method of solution presented in this paper leads to the formulation of a scalar
condition and a functional equation for determination of the mapping function. Although
the functional equation can be solved in closed form for a Tresca material (Galin's solution),
it has to be solved approximately in the general case of a Mohr-Coulomb material, by
seeking a solution to the mapping function in the form of a truncated series expansion.
The coefficients of the truncated series expansion are shown to be the roots of a non-linear
system of algebraic equations.

Calculation indicates that the elastoplastic interface has an oval shape with its major
axis oriented parallel or perpendicular to the greatest compressive stress at infinity
depending on whether the stress in the plastic zone is in passive or active limit equilibrium.
The shape of the elastoplastic boundary is solely controlled by the obliquity m of the stress
at infinity and by the friction angle of the material. The average size of the plastic zone
was also shown to be given by the hydrostatic solution.

Requirements for consistency of the solution were discussed. It has been proven that
a statical solution of r can be constructed provided that the obliquity is less than a critical
value m., function of the friction angle and the mode of limit equilibrium (passive or active).
The assumption of no elastic unloading was examined in conjunction with a particular
loading path, where the magnitude of the internal pressure is monotonically varied. For
this particular load path, it was shown that a continuous growth of the plastic region is
predicted.

An important application of this solution is in the assessment of the extent of failed
rock around a deep tunnel subject to a non-hydrostatic in situ stress and in the evaluation
of the excavation-induced closure of the tunnel[13, 14].

Acknowledgements-This paper reports partial results ofa research sponsored by the National Science Foundation,
which was performed at the Department of Civil and Mineral Engineering of the University of Minnesota during
the course of a Ph.D. program. The author is grateful to Professor C. Fairhurst, thesis advisor, for many valuable
discussions and support.

REFERENCES

I. L. A. Galin, Plane elastic-plastic problem: plastic regions around circular holes in plates and beam~. Prikl.
Mat. Mekh. 10, 365-386 (1946).



1450 E. DETOURNAY

2. G. N. Savin, Stress distribution around holes, Technical Report ITF·607, NASA, Nov. (1970).
3. W. Prager and P. G. Hodge, Theory of Perfectly Plastic Solids. Dover, New York (1968).
4. N. 1. Muskhelishvili, Some Basic Problems of the Mathematical Theory of Elasticity, 2nd Edn. Noordhoff,

Groningen (1962).
5. G. P. Cherepanov, On a method of solving the elastoplastic problem. Prikl. Mat. Mekh. 27,428-435 (1963).
6. R. Hill, The Mathematical Theory of Plasticity. Oxford University Press, London (1967).
7. L. M. Kachanov, Foundations of the Theory of Plasticity. North·Holland, Amsterdam (1971).
8. 1. Salencon, Expansion quasi-statique d'une cavite asymetrie spherique ou cylindrique dans un milieu elasto­

plastique. Annis Pants Chauss. 4, 175-187 (1966).
9. 1. Salencon, Contraction quasi-statique d'une cavite a symetrie spherique ou cylindrique dans un milieu

elastoplastique. Annis Ponts Chauss. 4, 231-236 (1969).
10. C. Caratheodory, Theory of Functions of a Complex Variable. Chelsea, New York (1964).
II. K. M. Brown, A quadratically convergent Newton-like method based upon Gaussian elimination. 51 AM JI

Numer. Anal. 6, 560-569 (1969).
12. I. S. Sokolnikoff, Mathematical Theory of Elasticity, 2nd Edn. McGraw-Hili, New York (1956).
13. E. Detournay, Two-dimensional elastoplastic analysis of a deep cylindrical tunnel under non-hydrostatic

loading, Ph.D. dissertation, University of Minnesota (1983).
14. E. Detournay and C. Fairhurst, Generalization of the ground reaction curve concept, 23rd U.S. Symp. on

Rock Mech., Berkeley, pp. 926-936 (1982).
15. P. Henrici, Pure and Applied Mathematics, Vol. I: Applied and Computational Complex Analysis. Wiley, New

York (1974).

APPENDIX A

A SUFFICIENT CONDITION FOR THE INTERMEDIACY OF THE OUT-OF-PLANE

STRESS

It is proven that

I
v>---­
~ (Kp + I)

(AI)

represents a sufficient condition for f" to be the strict intermediate principal stress f2 in regions of plastic flow,
provided that the stress at infinity satisfies the plane strain condition

f~, = v(f~% + f~y).

The proof relies on the existence of a potential function H for the plastic strain increment dtf;

iJH
dtf; = Il"

v't'ij

(A2)

(A3)

and on the assumption that H is a function of stress of the same form as the yield function. In terms of the major
and minor principal stresses fl' fJ' the expression for H is then

(A4)

where K: is the dilatancy factor (I ~ K; ~ Kp) and q. is an arbitrary constant. It follows from eqns (A3) and
(A4) that the condition for the plane criterion (3) to be equivalent to the general Mohr-Coulomb criterion (I)
(i.e. f l' f J in the plane of deformation) is, in effect, identical to the condition of plastic flow in the plane of
deformation (dt~, = 0).

If at any point where the yield criterion F =0 is satisfied, the out-of-plane stress f" has been the strict
intermediate principal stress f 2 since the onset of plastic deformation, the plane strain condition t" = 0 is
equivalent to

and, therefore

f" = v(f.. + flY)

(AS)

(A6)

everywhere in the plane of deformation. It can readily be proven that f", calculated from eqn (A6), is the
intermediate principal stress f 2 (strict) if

S;;;' (I - 2v)P, P;;;'O. (A7)
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Hence, providing that (Fig. AI)

2
K. - I

(I - v) ~ Sill =--
K. + I

1451

(A8)

Tn = Tz when S = S, and P> O. (For cohesionless material, inequality (A8) must be strict.) It can also be verified
that the yield condition F = 0 is never reached for 0 ~ S ~ (I - 2v)P, provided that inequality (A8) is met. Hence,
inequality (A I) or (A8) represenls a sufficient condition for S = S, 10 be equivalent to F = O.

s

I
lZ 'I

p

Fig. AI. Graphical representation of the conditions for which Tn is the intermediate principal stress Tz.

APPENDIX 8

EQUATIONS FOR THE COEFFICIENTS OF THE MAPPING FUNCTION

In this appendix, the superscript (n)-used to denote reference to the approximation oforder n of the mapping
function-is dropped for simplicity of notation.

Expression for the coefficient ).
The expression of), in terms of the coefficients mz j • j = I, n is deduced from constraint (26~ which imposes

that the zero-order coefficient of the Laurent series expansion of P!' -ICC) be equal to I. The Laurent series
expansion of ;~ -IC{) needs first to be derived. For that purpose, the function ;~-I(C) is rewritten as

where

p~ - '(C) = )." - 1S"({)S"(C - 1)

(K-I)
1(=---2 .

(BI)

(B2)

(B3)

Let Pol < I) be the largest of the moduli of the zeros of w<{). Because of the symmetry properties, eqns (8), of the
mapping function, SCC) transforms the infinite region 1:; (p > Po) onto a finite domain D which lies on the right
of the imaginary axis Re [SCC)] =O. The function S"C{) is therefore single-valued for {e1:; , if the negative real
axis of the complex plane SC{) is selected as branch cut. The Laurent series expansion about { = 0 of S"(C) in
1:; is then given by

{e 1:; . (84)

The coefficients cZ j , which are real, are calculated using the recursive formula of Miller[15]

Co = 1

1 I. .
CZj = -; I [CI( + 1)/ - }]CZU-Il"\ZI; j = I, CXl

}'-I

with

(B5)

1. = {j;
n;

j = l,n
j=n,CXl
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Note that if K is a positive integer, the wel1ieients e
"

are identically zero for j > nk,
The Taylor expansion about ( = 0 of the associated function S"(e-') is immediately deduced from eqn (B41

~

5'(( - I) = L e,i",
1'=0

(B6)

The Cauchy product of the two series (B4) and (B6) converges absolutely and uniformly to [f-<WA) , - I in the
ring no (Po < p < Pu')

where

(87)

00

d2j = L CliC2,"j)'
t=o

j =0, 00. (B8)

In light of egn (B7), the function d(() resulting from the Laurent decomposition (20) of ff - '(0 reads

00

dIe) = ;.'-' L d2j C 2J,
j= ,

and constraint (26) becomes

The above equation gives ), in terms of the coefficients m2j , j = 1, n of the mapping function,

(B9)

(BIO)

Systems of equations for m2J,J = I, n
The equations needed to calculate the coefficients m2j' j = I, n are detennined by imposing the vanishing

of the n first coefficients of Taylor expansion (38) of G' ((). According to eqn (32)z, the function G' (0 is defined
in terms of the analytic functions KI(O and hl(e) resulting from the Laurent decomposition of g(') and h((). In
the sequel, the Taylor series of g,(O and h.(O is directly deduced from the Laurent series expansion of g(() and
h(C).

First, consider the function g(') defined in eqn (28). The Laurent series expansion of g(') is calculated by
Cauchy product of the series representation of W<C I) and d'((). Since

00

d'(() = -A'-Ie l L 2jdzl,-2 j

jm I

we have that

The first series in eqn (B13) identifies gl(')' the second g2('). Hence

where

(Bll)

(BI2)

(BI3)

(BI4)

j = 0, n - 2, (815)

(Note that g,(O = 0 if n = 1.)
Consider next the function h('), defined in eqn (30). h(') can advantageously be rewritten in tenns of S((),

defined in eqn (B2), and its associated function S(C')

The Taylor series of [S(C' )]IH 1)/2 about ( = 0 is

[S(C,)],,>'11/2 = f c;Pj,
j' 0

(BI6)

(BI7)
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and the Laurent series expansion of [S(,)]IK-Jlll with respect to , = 0 is

1453

[S«()]IK - J)fl = f c;'/, - lj,
Js= 0

'E r.;- . (BI8)

The real coefficients cij and clj are calculated by means of the recursive formula (85) with K replaced by (K + 1)/2
and by (K - 3)/2. respectively. The Cauchy product of the lWO series (BI7) and (BI8) converges for 'eno

with

[S(C I)]IK+llll[S«()]CK-Jlll = f elJ{lj
)"" - ,,1;

(BI9)

j '" 0, 00

j'" 1,00. (820)

The Laurent expansion of hI') is then obtained by Cauchy product of eqn (BI9) with the polynomial w'«()
C l

. Partial summation of the terms with zero and positive powers of (in that series identifies the function h l (,)

(same procedure as for glee)). All calculations done

with

hl(O = A/( f h;j(lj
)-0

•
hij '" elU+ Il - L (2k - l)rnltelIHj+ II'

tel

(B21)

(B22)

It follows from the definition of eqn (32h of G+«) and from eqns (BI4) and (821) that the coefficients G;j
of the Taylor expansion (38) of G+«() are

if n > 2

if n = I or 2

G+ 'KK+I, '/(h' .o '" ± A K _ I go ±,. 0 - rn;,

G+ A/( K + I, )'/(h'
l) = ± K _ I glj ± lj'

G;j'" ± AK h;j'

j=I,n-2

j'" n - 1,00 (B23)

G+ ,/(K + I, l/(h' 1
o = ± A K _ I go ± A 0 - rnA

G;j'" A/(h;j, j = 1,00

(go = Oifn = I). (B23')

j= l,n-2

The n equations needed for the determination of the coefficients rn lj , j '" I,n are obtained by imposing the
vanishing of G;j' j = 0, n - 1. After dividing G;j by A/( and making use of eqn (BIO), we have

if n > 2

K + I, h' -rnul 0
K _ I go + 0"'" 0 =

K + I, h' 0
K _ I glj + lj = ,

if n = 2

if n '" I

K + I, h' - nul 0
K _ I go + 0 + 0 =

h; =0

(824)

(824')

(824")

Equations (B24) constitute a system of n non-linear equations in the coefficients rnlj, j = I,n of the mapping
function (A is absent from eqns (824».
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FirSI-order approximatioll of illlerface
An approximate explicit solution of the interface can be found by linearizing eqn (824"). Using eqns (822).

eqn (824") becomes

(825)

A first-order estimate of the coefficient mz can then be obtained by expressing ez. e., and do in terms of mz with
the help of eqns (88) and (820), and linearizing the resulting equation in mz

(826)

An approximate expression of the coefficient). can also be determined from eqn (BIO), using

Hence

_[ (K - I )ZJIIII-KI
).= 1+ K+lm .

(827)

(828)


